Abstract. The distribution-theoretic version of the Plancherel formula|known as the Penney-Fujiwara Plancherel Formula|for the decomposition of the quasi-regular representation of a Lie group G on L 2 (G=H) is considered. Attention is focused on the case that the spectrum consists of irreducible representations induced from a nite-dimensional representation. This happens with great regularity for Strichartz homogeneous spaces wherein G and H are semidirect products of normal abelian subgroups by a reductive Lie group. The results take an especially simple form if G=H is symmetric. Criteria for nite multiplicity and for multiplicity-free spectrum are developed. In the case that G is a motion group|the original situation stressed by Strichartz|the results are particularly striking.
0. Introduction. This paper is a sequel to and generalization of 7] . In that paper we derived the Penney-Fujiwara version of the Plancherel formula for the quasi-regular representation of a homogeneous space with monomial spectrum. That is, for G a (connected) Lie group, H G a closed subgroup, and = Ind G H 1 with the property that a.a. of the irreducibles that appear in the spectrum of are induced from a character, we derived a distribution-theoretic version of the Plancherel formula for . We remark that (as observed in 7] or 6]) such a formula gives us the explicit intertwining operator for the direct integral decomposition of , as well as a determination of the Plancherel measure. A speci c situation to which the results of 7] apply is that of abelian symmetric spaces (de ned originally in 5]).
The nature of the generalization of 7] in this paper is two-fold. First we will replace the hypothesis of monomial spectrum by that of polynomial spectrum|meaning that a.a. the representations in the spectrum of are induced from nite-dimensional representations. Second we shall expand the abelian symmetric space application to a much broader family of symmetric spaces introduced and studied by Strichartz. Regarding the rst extension, it is quite a natural step to take. Approaching either the minimal principal series of a semisimple Lie group or the generic representations of a type I amenable group, one encounters representations that are polynomial, not monomial. As for the second extension, we obtain a much more encompassing collection of symmetric spaces|including semisimple symmetric spaces as well as the generalized Grassmannian bundles of Strichartz 11] . These spaces, various aspects of whose harmonic analysis we derive in this paper, are of the form W HnV G, where V G is a semidirect product of a normal vector subgroup V by a reductive Lie group G and W H is of the same species. (These are the Strichartz homogeneous spaces.)
The paper is divided into four parts. In part I we review the Penney-Fujiwara formulation of the Plancherel formula (x1), and describe the distributions and matrix coe cients associated to polynomial representations (x2). Part II contains an abstract decomposition (x3) of the quasi-regular representation Ind V G W H 1. In x4 we describe a conjugacy problem that acts as an obstruction to computing the multiplicity function in the preceding direct integral decomposition. In x5 we specialize to symmetric spaces, show that the conjugacy problem disappears in that context, and obtain some results on the multiplicity. In part III we present our proof (x6) of the distribution-theoretic Plancherel formula for Strichartz homogeneous spaces with polynomial spectrum. The results draw upon parts I and II and generalize those of 7] . x7 contains a short list of examples and questions that complement the paper's main results. Finally in part IV we supply an Appendix (x8) which treats the special case of compact G. The main results of the paper are as follows: Theorem 2.2 which gives the matrix coe cients of an arbitrary polynomial representation; Theorem 3.1 which gives a direct integral decomposition into irreducibles of any Strichartz homogeneous space W HnV G; Proposition 5.1 which characterizes the involutions on a semidirect product V G; Theorem 5.3 which speci es the multiplicity function for Strichartz symmetric spaces; Theorem 5.5 which details some special situations that manifest nite multiplicity or even multiplicity one; Theorem 6.2 which is the Penney-Fujiwara Plancherel formula for Strichartz homogeneous spaces with polynomial spectrum; Corollary 6.3 which specializes Theorem 6.2 to Strichartz symmetric spaces; and Theorem 8.1 which gives a reciprocity result in the special case of compact G. 
where D(G) = C 1 c (G) is the space of test functions and is the canonical cyclic distribution associated to (see formulas (2.2)-(2.4))). Then the map
is an isometry that extends uniquely to an intertwining operator e ecting the direct integral decomposition (I.1). Remark 1.1. Although the formulation makes sense without restriction on the multiplicity function, experience has shown that the PFPF is really only useful in the case of nite multiplicity (see 7, Prop. 3.2] ). When n is in nite on a set of positive measure, one must employ the Bonnet form of the Plancherel formula 2] to overcome the di culties indicated in the opening paragraph of part I.
We need to recall another result from 7,x3] which will be used in the following. 
The matrix coe cient is a non-negative number, possibly equal to +1. In fact there is really nothing further to prove. In part II we shall show how to decompose the quasi-regular representation = IndG H 1 into irreducibles. We shall discover that a very tricky conjugacy problem prevents us from precisely calculating the multiplicity in the most general situation. But then we shall see that when we specialize to symmetric spaces, the di culty can be overcome.
3. A direct integral decomposition. The notation being as above, we wish to compute a direct integral decomposition of = IndG H 1 into irreducible representations.
We recall the Mackey theory for semidirect products. Let 2V be a unitary character, G the stability group in G. Then for any 2Ĝ the induced representation i.e. = Ind G H 1 is type I, then we can decompose
Putting these facts together with the theorems of induction in stages, and commutation of inducing and direct integrals, we can now compute
We have proven the following theorem of Strichartz. 
Remarks 3.2.
(1) Our proof of Theorem 3.1 is conceptually the same as Strichartz', but the details are much more straightforward. (2) Strichartz is primarily interested in the case that G is compact. Then all the separation and type hypotheses are automatically satis ed. Moreover the direct integral (3.3) is then a direct sum. This special case is also discussed in x8.
(3) In Theorem 3.1 it is su cient to assume V is locally compact abelian and G is a Lie group. No further structure is required for the proof. However the interesting cases arise when V is a vector group and G is (connected) reductive. In the following we always assume V is a vector group and G is reductive in the Harish Chandra class. In particular, it is really no loss of generality to assume thatG = V G is algebraic. (4) A critical point|which is overlooked by Strichartz|is that the decomposition (3.4) may not specify the multiplicity. This is because two points in W ? , which lie in distinct H-orbits, may nonetheless be in the same G-orbit. We address this issue in the next section.
4. The conjugacy problem. Suppose (iii) Since the groups we are dealing with are algebraic it is enough to prove that the We use the decomposition g = h + q into 1 eigenspaces for the involution considered Note. Combining the results of xx4,5 we see that for a Strichartz symmetric spaceHnG the quasi-regular representation has nite multiplicity i a.a. the little symmetric spaces do.
In part III we shall specialize our study to Strichartz symmetric spaces where the spectrum is generically polynomial. But before I do that I wish to single out several types of Strichartz symmetric spaces that merit special attention.
(1) Abelian symmetric spaces. That refers to the situation where H = G and W = feg, i.e. 1 = 1; 2 = ?1. These have been studied extensively in 5], 7].
(2) Motion symmetric spaces. That refers to the case of compact G. These were the primary concern of Strichartz, although his results are somewhat more general. The corresponding quasi-regular representation has polynomial spectrum, and thus will be one of the examples covered by the results of part III. (ii) Any partially Riemannian symmetric space with G non-compact is multiplicity-free. Proof. (i) G is reductive of Harish Chandra class with an involution . G acts on g by the adjoint action with di erentiating to g. We have H = G ; h = g ;G = g G;H = h H. By Theorem 5.3 (iii) it is enough to show that for generic 2 h ? , the little symmetric space H nG has nite multiplicity. The 1 eigenspace decomposition g = h + q is Hequivariant, so we can identify h ? to q. The semisimple elements in q are generic, and for any such element its stabilizer in G is reductive. Thus the little symmetric spaces are again reductive (pseudo-Riemannian symmetric spaces), and therefore by van den Ban's theorem 1] have nite multiplicity.
(ii) Now supposeG = V G; G non-compact semisimple and suppose = 2 is a Cartan involution. ThenH = W K; K a maximal compact subgroup of G. We 
Here of course is the canonical distribution for . If H nG is a direct product of an abelian and a compact group, then n ( ) = dimH . It seems quite likely that is always the case (see x8). HnV G with G compact connected, the little homogeneous spaces are multiplicity-free? Incidentally we note that for partially Riemannian spaces with G non-compact, the answer to the corresponding question is yes (see Thm. 5.3). The answer is yes also in a special case we consider next (see Proposition 7.3 below).
(2) The Strichartz Symmetric Space associated to a Pseudo-Riemannian Symmetric Space. Suppose HnG is a pseudo-Riemannian symmetric space, that is G is connected semisimple, and H = G is the stabilizer of an involution. One knows that it is possible to choose a Cartan involution of G which commutes with . Let g = k + p be the corresponding Cartan decomposition, and let g = h + q be the eigenspace decomposition corresponding to . The motion group associated to is p K. Then preserves K and p, since it commutes with . Hence it de nes an involution ofG = p K. The 
In fact for generic 2 p\q the symmetric spaces (K \H)nK are multiplicity-free and n is the multiplicity of the most continuous series of the semisimple symmetric space HnG. These facts are contained in as yet unpublished results of van den Ban and Schlichtkrull.
I thank them for pointing this out to me. I shall content myself with the remark that (7.1) represents an index of certain Weyl groups, and (7.2) is identically 1 because K = (K \ H) exp(k \ q), which is one of their results.
(3) There are many examples where the generic stability group G ; 2 W ? , is compact, or perhaps nite or even trivial. This typically happens when dimV >> dimG. Any of these will guarantee polynomial spectrum and the validity of all the additional conditions. The multiplicity will be nite if the space is symmetric, but it need not be one. This follows already from the observation that nite symmetric spaces need not be multiplicity-free.
For a simple example of that, take G = SL(2; Z 2 ) with involution (g) = CgC ?1 ; C = As for the second statement, it is already proven in Theorem 5.5 (i). But it does lead to a second question. (2) Unlike Riemannian spaces, and more like pseudo-Riemannian spaces, the spectrum of Strichartz spaces will usually not consist of representations from the spectrum of the regular representation. To illustrate, consider the example which is both Taki and partially Riemannian|k Kng G. The 
